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Abstract

A t-tone coloring of a graph assigns t distinct colors to each vertex

with vertices at distance d having fewer than d colors in common.

The t-tone chromatic number of a graph is the smallest number of

colors used in all t-tone colorings of that graph. We discuss bounds

for this number, and we exactly determine the value for several of

classes of graphs, including cycles and trees. Cubic graphs with 2-

tone chromatic number 5 are shown to be equivalent to graph covers

of the Petersen graph. Properties of Petersen covers are analyzed.

1 t-Tone Coloring

Classical coloring is one of the most studied areas of graph theory and has
a wide range of applications. (For basic concepts and results, see [5], [6],
[15].) As such, many di�erent variations of colorings have been studied. A
set coloring assigns a set of k colors to each vertex so that adjacent vertices
have no common colors [3]. A distance k coloring requires that vertices
within distance k receive distinct colors. A related notion is an L (2, 1)
labeling, in which every vertex receives a nonnegative integer label, with
vertices at distance one having labels at least two apart and vertices at
distance two having labels at least one apart [9].

Following [8], we generalize these de�nitions, de�ning a coloring that
assigns k colors to each vertex with restrictions on which sets may appear
within distance k of each other that are stronger the smaller the distance.

De�nition 1. Let G be a graph, k, t ∈ N, [k] = {1, 2, ..., k}, and let Pt([k])
denote the set of t-element subsets of [k]. A function f : V (G)→ Pt([k]) is
called a proper t-tone k-coloring (or sometimes just a t-tone coloring) of G
if |f(u) ∩ f(v)| < d(u, v) for all distinct vertices u and v of G. A graph is
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t-tone k-colorable if it has a proper t-tone k-coloring. The t-tone chromatic
number of G, denoted by τt(G), is the smallest positive integer k for which
G has a proper t-tone k-coloring.

This de�nition was suggested by Gary Chartrand. It was �rst studied in
a class project of Nicole Fonger, Josh Goss, Ben Phillips, and Chris Segroves
[8]. Many of the results in sections 1 and 2.1 of this paper appeared in that
project, but the proofs presented here are original. A recent paper by Dan
Cranston, Jaehoon Kim, and William Kinnersley [7] explores these ideas
further.

For the sake of clarity, we shall often call f(v) the label associated with
the vertex v of the coloring f , and the elements of f(v) will be called colors.
Thus, in a t-tone coloring, each vertex has a label of t distinct colors. When
the context is clear, the label {a, b} will be denoted ab. A color class of
a given t-tone coloring is a set of all vertices whose labels contain a given
color.

Several useful facts are immediate consequences of this de�nition. We
note that for t = 1, τ1 (G) = χ (G), the usual chromatic number of a graph
G. Generalizing a result on chromatic number, we �nd that since a t-tone
coloring can certainly be restricted to any subgraph, if H is a subgraph of
G then τt(H) ≤ τt(G). Similarly, we see that the t-tone chromatic number
exists for all graphs, as τt(Kn) = t·n, whereKn denotes the complete graph
on n vertices. This is easily seen, as each label of a vertex inKn can have no
colors in common with the label of any other vertex. Thus we must use at
least t · n colors, and a coloring is obvious. Since any graph G is contained
in the complete graph of the same order n, we see that τt(G) ≤ t · n. It
can also be shown that equality holds only in the case where G is itself
complete.

Two basic lower bounds for chromatic number generalize easily to t-
tone coloring. Let ω (G) be the clique number of G and α (G) be the
independence number of G. Then we �nd that t · ω (G) ≤ τt (G), since
τt(Kn) = t · n. Also, we see t · n ≤ α (G) · τt (G) since each color class is an
independent set, so τt (G) ≥ t·n

α(G) .

We also have a lower bound for t-tone chromatic number in terms of
(t− 1)-tone chromatic number.

Theorem 2. Let G be a nonempty graph and t ≥ 2. Then τt (G) ≥
τt−1 (G) + 2.

Proof. Let G be a nonempty graph with k = τt (G) ≥ τt (K2) = 2t and c
be a t-tone k-coloring of G. Form coloring c′ by deleting the largest color
from the label of each vertex of G. It is immediate that this is (t− 1)-
tone (k − 1)-coloring of G. Form coloring c′′ by replacing any remaining
occurrence of k− 1 on any vertex v with r, the largest color less than k− 1
not appearing on v. Let v be such a vertex and u be a vertex at distance
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d from v. Then the labels of u and v in c have at most d − 1 colors in
common.

If the largest color of u in c is less than or equal to r, then u and v still
have at most d− 1 colors in common in c′′, so there is no con�ict between
these vertices. If the largest color s of u in c is greater than r and u does
not have both k and k− 1 in its label in c, then s must appear in the label
of v in c. Thus u and v have at most d−2 common colors in c′, and at most
d − 1 common colors in c′′. Finally, if u has k and k − 1 in its label in c,
then deleting these gives at most d− 3 common colors, so u and v have at
most d− 1 common colors in c′′. Thus c′′ is a (t− 1)-tone (k − 2)-coloring
of G.

This bound is attained for K2. It is not known if there are any other
connected graphs for which it is attained when t ≥ 3.

We can improve on the trivial upper bound τt(G) ≤ t · n by using the
chromatic number. Recall that the kth power of a graph G, denoted Gk, is
the graph with V (Gk) = V (G) and uv ∈ E(Gk) if and only if dG(u, v) ≤ k.

Proposition 3. [8] Let G be a graph and t ≥ 2. Then τt (G) ≤ τt−1 (G) +
χ (Gt). Consequently,

τt (G) ≤
t∑
i=1

χ
(
Gt
)
.

Proof. Combine a (t− 1)-tone coloring and a proper coloring of Gi using
disjoint sets of colors by taking unions of the corresponding vertex labels.
This produces a t-tone coloring ofG. The second bound follows immediately
from the �rst.

As powers of a given graph will eventually all become complete graphs,
at least part of the above bound can be easy to calculate for su�ciently
large values of t. However, based on working numerous examples, the above
bound seems somewhat poor. This suggests that induction arguments on t
will also give weak bounds.

We can use upper bounds for the chromatic number to obtain bounds
for t-tone coloring that are worse but easier to calculate. Let D (G) be
the degeneracy of G, the maximum k such that G has a subgraph H with
δ (H) ≥ k. A theorem of Szekeras and Wilf [14] is equivalent to the bound
χ (G) ≤ 1+D (G). It is immediate from the de�nition that D (G) ≤ ∆ (G).

Corollary 4. Let G be a graph. Then

τt (G) ≤ t+

t∑
i=1

D
(
Gi
)
≤ t+

t∑
i=1

∆
(
Gi
)
.

When G is connected and t ≥ 2, τt (G) = t +
∑t
i=1 ∆

(
Gi
)
exactly for

cliques.
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Proof. Both bounds follow from the above discussion. By Brooks' Theorem,
τt (G) = t +

∑t
i=1 ∆

(
Gi
)
only if G is a clique or odd cycle and so is each

power of G. Now τt (Kn) = nt = t +
∑t
i=1 ∆

(
Ki
n

)
, but the bound is not

exact for C5.

It known that for connected graphs, D (G) = ∆ (G) if and only if G is
regular [2]. Thus the �rst bound is strictly better except perhaps when G
is regular.

One class of graphs for which the t-tone chromatic number is known
exactly for all t is paths.

Proposition 5. Let Pn be the path of order n. Then

τt (Pn) =

n−1∑
i=0

max

{
0, t−

(
i

2

)}
.

Proof. Start greedily coloring the path at end-vertex v. Certainly v needs t
colors and its neighbor needs t new colors. The next neighbor can have one
in common with v, so it needs t− 1 new colors. In general, color a vertex u
distance i from v with k colors from each previously colored vertex distance
k+ 1 away that have not been used closer to u until either it has t colors or
we run out of vertices. In the latter case, we have used 0+1+2+...+i =

(
i
2

)
colors from previous vertices, and need t −

(
i
2

)
new colors. Once

(
i
2

)
> t,

no more new colors are needed. This produces a t-tone coloring and shows
that it is the best possible.

2 2-Tone Coloring

We have seen that 1-tone coloring is simply proper vertex coloring. We will
focus on the case of 2-tone coloring.

2.1 Trees

We �rst consider complete multipartite graphs.

Proposition 6. [8] For the complete multipartite graph Ka1,a2,...,ar ,

τ2 (Ka1,...,ar ) =

r∑
i=1

⌈
1 +
√

1 + 8ai
2

⌉
.

Proof. Each partite set cannot use any color in common with any other. In
a partite set, we need need r colors, where

(
r
2

)
≥ ai. This is equivalent to

r ≥ 1 +
√

1 + 8ai
2

,
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and the vertices can be colored with the ceiling of this number of colors.
Thus

τ2 (Ka1,...,ar ) =

r∑
i=1

⌈
1 +
√

1 + 8ai
2

⌉
.

Corollary 7. [8] For the nontrivial star K1,s,

τ2 (K1,s) =

⌈
5 +
√

1 + 8s

2

⌉
.

We can usually simplify the problem of determining the 2-tone chro-
matic number when a graph has a bridge. (Note that G [S] denotes the
graph induced by vertex set S.)

Lemma 8. Let G be a graph with a bridge e = uv. Let F1 and F2 be
the components of G − e containing u and v, respectively, and let H1 =
G [V (F1) ∪ v], and H2 = G [V (F2) ∪ u]. Then τ2 (G) = max {τ2 (H1) , τ2 (H2)}.

Proof. Color each subgraph separately. Permute the colors on one of the
subgraphs to agree with the colors of the other on u and v. Color G
consistently with the colorings of these two subgraphs. Now the result is a
2-tone coloring since it works for all pairs of vertices at distance one and two,
and larger distances have no impact. Now τ2 (G) ≥ max {τ2 (H1) , τ2 (H2)}
and this is a coloring with max {τ2 (H1) , τ2 (H2)} colors.

This result simpli�es the problem of determining the 2-tone chromatic
number as long as the bridge is not a pendant edge, in which case it provides
no additional information.

Theorem 9. [8] Let T be a nontrivial tree with maximum degree ∆. Then

τ2 (T ) =

⌈
5 +
√

1 + 8∆

2

⌉
.

Proof. The formula holds for K2. By the previous lemma, the 2-tone chro-
matic number of a tree is the maximum of these numbers over all maximal
stars contained in T . Thus

τ2 (T ) = max
v∈T

⌈
5 +

√
1 + 8d (v)

2

⌉
=

⌈
5 +
√

1 + 8∆

2

⌉
.

Corollary 10. Let G have maximum degree ∆. Then

τ2 (G) ≥
⌈

5 +
√

1 + 8∆

2

⌉
.
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De�nition 11. [13], [1] The 2-core of a graph G, C2 (G), is the maximum
induced subgraph H ⊆ G such that δ(G) ≥ 2, if it exists. The 1-shell of
a graph G is the subgraph of G induced by the edges not contained in the
2-core. The 1-boundary of G is the set of vertices in both the 2-core and
the 1-shell.

It is not hard to see that the 1-shell of a graph is a forest, and if G
is connected with a 2-core, then every tree in the 1-shell is rooted at a
vertex in the 2-core. (See [2] for background on cores and shells of graphs.)
Determining the 2-tone chromatic number of a graph can be reduced to
determining it for its 2-core.

Theorem 12. Let G be a connected graph with a 2-core and D be the
maximum degree in G of the vertices of the 1-shell of G. Then

τ2 (G) = max

{⌈
5 +
√

1 + 8D

2

⌉
, τ2 (C2 (G))

}
.

Proof. The graph G contains both a subgraph which is isomorphic to K1,D

and its 2-core as subgraphs, so the maximum is a lower bound. Since the
1-shell can be broken up into stars by Lemma 8, we are left to consider
the subgraph H induced by the 2-core and its neighbors in the 1-shell.
Once the 2-core has been colored, only its neighbors are left. These can be
labeled using the existing colors unless there is a 1-boundary vertex with
degree d such that τ2 (K1,d) > τ2 (C2 (G)). But then H contains K1,d, so
τ2 (G) = τ2 (K1,d). Thus the maximum is achieved.

2.2 Cycles and the Petersen Graph

Consider forming a graph whose vertices are the ten possible labels for a
2-tone 5-coloring and all possible edges between vertices with disjoint labels
are added. This graph is the Petersen graph. In fact, the Petersen graph
can be de�ned from only this labeling. Thus its 2-tone chromatic number
is �ve, so any subgraph of the Petersen graph is 2-tone 5-colorable. (See
Figure 1.) This result can also be seen by noting that the Petersen graph
is the complement of the line graph of K5. This observation generalizes to
the following proposition.

Proposition 13. Let Lk, k ≥ 4, be the complement of the line graph of
Kk. Then τ2 (Lk) = k.

Proof. Label the vertices of Kk with 1 to k. Label the vertices of L (Kk)
with the two labels of the corresponding vertices of Kk. All vertices of
L (Kk) with a common color are pairwise adjacent. Thus in Lk, no vertices
with a common color are adjacent and all labels are distinct. Thus Lk is
2-tone k-colorable.
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Figure 1: A 2-tone 5-coloring of the Petersen graph.

Now, for the case when k = 4 we �nd that L4 = 3K2 and thus the result
is trivial. For k ≥ 5, we see that as for the Petersen graph, Lk has diameter
2. Thus, any 2-tone coloring of Lk may not repeat any label. Thus we
require at least

(
k
2

)
labels for a proper coloring, and hence need at least k

colors.

The above result also holds for k = 2, albeit trivially. However, when
k = 3 we have that L3 = 3K1 which can be colored using only 2 colors.
Only when k ≥ 5 do we �nd that Lk is connected.

The graphs Lk are all Kneser graphs. The Kneser graph KGk,l has
vertices all l-element subsets of [k], with edges joining disjoint sets. Thus
Lk = KGk,2. In 1955, Kneser [11] conjectured that χ (KGk,l) = k− 2l+ 2.
This was proved in 1978 by Lovasz [12] using a topological argument. Other
topological and combinatorial proofs have subsequently been found. We
provide a short proof for the special case of Lk.

Theorem 14. [12] For k ≥ 4, χ (Lk) = k − 2.

Proof. We �rst consider independent sets of Lk. Any independent set must
have each pair of vertices having a common color under an optimal 2-tone
coloring. For sets of any size except three, all the vertices must have a single
common color. This implies that α (Lk) = k − 1 and any independent set
of size more than three can be extended to a maximum independent set.

Consider proper vertex coloring of Lk. Certainly χ (L4) = χ (3K2) = 2.
Assume that for some k ≥ 4, χ (Lk) = k − 2 and consider Lk+1. Now
Lk+1 has an independent set of k vertices, which can be assigned a single

7



color. Deleting this set produces Lk, which can be colored with k−2 colors.
Thus Lk+1 is (k − 1)-colorable. If Lk+1 has a (k − 2)-coloring, then it has

a color class with at least k(k+1)
2(k−2) ≥ 5 vertices, which can be extended to an

independent set of k vertices. Deleting this set produces an (k − 3)-coloring
of Lk, a contradiction.

As a corollary to Theorem 2, we see that for all nonempty graphs,
τ2 (G) ≥ χ (G) + 2. For each k ≥ 4, the graph Lk attains equality since
τ2 (Lk) = k and χ (Lk) = k − 2.

We shall pay special attention to the class of 2-tone 5-colorable graphs,
as this is the �rst non-trivial case. The Petersen graph turns out to have
considerable importance with respect to this class.

Proposition 15. If a graph G has diameter at most 4, then G is 2-tone
5-colorable if and only if G is a subgraph of the Petersen graph.

Proof. We have seen that every subgraph of the Petersen graph is 2-tone
5-colorable. If G is 2-tone 5-colorable, it is easily seen that two vertices with
the same label must be distance at least 5 apart. Thus if G has diameter at
most 4, then no label can be repeated, so it is a subgraph of the Petersen
graph.

Graphs with diameter larger than four can be subgraphs of the Petersen
graph. For example, paths of length up to nine are subgraphs of it since
it has a Hamiltonian path. Graphs with diameter more than four can be
2-tone 5-colorable. For example, the dodecahedron has diameter �ve, order
20, and is 2-tone 5-colorable, so necessarily the ten pairs of vertices distance
�ve apart have the same labels. In fact, the dodecahedron forms a double
cover of the Petersen graph consistent with its 2-tone 5-coloring.

We can use 2-tone coloring to prove a familiar fact. We need the fol-
lowing de�nition.

De�nition 16. We call a pair of vertices u, v in a cycle a 2-chord if
d (u, v) = 2.

Lemma 17. The Petersen graph has no 7-cycle.

Proof. Suppose it has a 7-cycle which then has a 2-tone 5-coloring. Then
C7 has seven 2-chords, and each must have at most one common color.
Now 14 colors are used in the coloring (with repetition), and each color can
be used at most three times. Then four colors are used three times, and
one is used twice. Each color that appears three times must appear on two
2-chords, which implies that C7 has at least eight 2-chords.

We can determine the 2-tone chromatic number of all cycles.
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Theorem 18. (stated without proof in [8]) For the cycle Cn,

τ2 (Cn) =

{
6 n = 3, 4, 7
5 otherwise

.

Proof. Certainly τ2 (Cn) ≥ τ2 (P3) = 5. Now C3 = K3, and C4 = K2,2, so
τ2 (C3) = τ2 (C4) = 6. The previous two propositions imply that τ2 (C7) ≥
6; for the upper bound, a 2-tone 6-coloring is given below. The cycles of
length 5, 6, 8, and 9 are subgraphs of the Petersen graph, with labellings
below represented as broken cycles.

−12− 34− 15− 23− 45−

−12− 34− 15− 32− 14− 35−

−12− 34− 56− 13− 24− 35− 46−

−12− 34− 15− 23− 14− 25− 13− 45−

−12− 34− 15− 32− 14− 25− 13− 24− 35−

Finally, for n ≥ 10, the cycle can be constructed by attaching together
broken cycles of length 5, 6, 8, and 9, as labeled above. This works because
these labellings agree on the �rst three vertices.

For most of the smaller cycles, the colorings are essentially unique.

De�nition 19. A 2-tone k-coloring of G is said to be unique up to isomor-
phism of colors and graphs if any 2-tone k-coloring of G can be converted
to any other by renaming of the colors and taking an automorphism of G.

Corollary 20. The optimal 2-tone colorings of Cn are unique up to iso-
morphism of colors and graphs for n = 3, 4, 5, 6, 8, 9.

Proof. This is obvious for C3. For C4 = K2,2, the partite sets must use
distinct colors and each pair of vertices in a partite set must share one
color. For C5, each color must be used twice, and there are �ve 2-chords.
For C6, two colors must be used thrice, and three must be used twice, so
the color classes must be the two partite sets and three pairs of opposite
vertices.

For C8, 16 colors must be used with repetition, and each can be used
at most four times, so one color is used four times and four are used three
times. The one color uses four 2-chords, and the other four use at least one,
and hence exactly one.

For C9, 18 colors must be used with repetition, and each can be used at
most four times, so three colors are used four times and two are used three
times. The three colors use three 2-chords each, so the other four must use
none.
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The following upper bound in terms of maximum degree is a slight
improvement on Corollary 4.

Theorem 21. If ∆ (G) = r ≥ 2, then τ2 (G) ≤ r2 + r.

Proof. We may assume G is r-regular, r ≥ 2. Note that each vertex of
G has at most r + r (r − 1) = r2 other vertices within distance two, so
∆
(
G2
)
≤ r2. By this and Proposition 3,

τ2 (G) ≤ χ (G)+χ
(
G2
)
≤ (1 + ∆ (G))+

(
1 + ∆

(
G2
))
≤ (1 + r)+

(
1 + r2

)
.

By Brooks' Theorem, the middle inequality can be an equality only when
G or G2 are complete or an odd cycle. Now for r ≥ 2, τ2 (Kr) = 2r ≤ r2 +r
and τ2 (Cn) ≤ 6 ≤ r2 + r. Furthermore G2 cannot be a noncomplete odd
cycle.

The only case in which we might have χ
(
G2
)

=
(
1 + r2

)
is when G2 is

complete with order 1 + r2. But this means that G must have diameter 2
and girth 5, so G is a Moore graph (see [5]). But Ho�man and Singleton
[10] showed that the only Moore graphs with girth 5 occur when r = 2, 3, 7,
and possibly 57 (this case is undecided). The case r = 3 is the Petersen
graph (PG), which has τ2 (PG) = 5 < 12. The case r = 7 is the Ho�man-
Singleton graph (HS), for which χ (HS) = 4, so τ2 (HS) ≤ 4 + 49 <
56. Finally, Borodin and Kostochka [4] showed that for a K4-free graph,
χ (G) ≤

⌈
3
4 (∆ (G) + 1)

⌉
, so if a graph M satis�es the �nal case r = 57,

then χ (M) ≤ 44, so τ2 (M) ≤ 44 + 572 < 57 + 572.

For ∆ ≥ 3, the connected graph with ∆ (G) = ∆ and largest 2-tone
chromatic number known isK∆+1. Thus suggested that the previous bound
and the bound of Corollary 4 are not very good. We have o�ered the
following general conjecture.

Conjecture 22. Let G have maximum degree ∆. Then τ2 (G) ≤ 2∆ + 2,
with equality only if G contains K∆+1 or for ∆ = 2, C4 or C7.

Recently, Cranston et al [7] improved on Theorem 21, discovering the
upper bound of τ2 (G) ≤ d

(
2 +
√

2
)

∆e.

2.3 Critical Graphs

De�nition 23. A graph G is t-tone k-critical if τt (G) = k and for any
proper subgraph H of G, τt (H) < k.

One may ask how the 2-tone chromatic number of a given graph G is
a�ected when an edge of G is deleted. Certainly it drops by two if G = K2.
If G is 2-tone 5-colorable, it drops by at most one. This follows since P3 is
the only 2-tone critically 5-chromatic graph, as any P3-free graph is 2-tone
4-colorable. We have the following theorem, which is more convenient to
frame in terms of adding an edge rather than removing one.
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Theorem 24. Let G be a nonempty graph containing nonadjacent vertices
u and v, and let e = uv. Then τ2 (G+ e)− τ2 (G) ≤ 1.

Proof. Assume the hypothesis, noting this insures that τ2 (G) = k ≥ 4.
Case 1. G has a 2-tone k-coloring in which u and v can be colored with

exactly one color in common. Thus neither has a neighbor with the other's
label. Relabel u by replacing the color it shares with v with a new color.
Then e can be added without con�ict.

Case 2. G has a 2-tone k-coloring in which u and v can be colored with
no common colors. If neither has an existing neighbor with the other's label,
e can be added with no recoloring. If exactly one (say v) has a neighbor
with u's label, then relabel u by replacing one of its colors with a new color.
If both have neighbors with the other's label, then the neighbors cannot
be adjacent, since otherwise there would be a distance two con�ict. After
replacing a color of each of the neighbors with a new color, e can be added
without con�ict.

Case 3. Every 2-tone k-coloring of G assigns the same label to u and
v. Then the distance between u and v is at least three. Without loss of
generality, assume the label of u and v is 12. Relabel u with {1, k + 1} and
v with 23. Replace 3 with k + 1 on all the neighbors of v where it occurs
and on any vertex labeled 23 at distance two from v. Now none of the
vertices that receive a new label containing k + 1 are adjacent and except
for those originally labeled 23, all their labels are distinct. Now there is
no vertex adjacent to v with a label containing 3 and no vertex adjacent
to u or distance two from v has label 23. Thus e can be added without
con�ict.

The above theorem allows us to more generally describe upper and lower
bounds on the 2-tone chromatic number of certain graphs. The following
corollary is obtained by repeatedly applying Theorem 2.

Corollary 25. Let G be a graph and let H be any non-empty subgraph of
G. Let mG and mH denote the size of G and H respectively. Then

τ2(H) ≤ τ2(G) ≤ τ2(H) + (mG −mH).

Corollary 25 can sometimes produce useful upper bounds, but can be
arbitrarily bad such as when G is complete. Generally, for a better upper
bound we would seek subgraphsH which are close to G in size but for which
τ2 (H) is small. When G is close to being a tree the following corollary can
be helpful.

Corollary 26. Let G be a connected graph of order n at least 3, size mG,
and set ∆ = min {∆ (T )}, where the minimum is taken over all spanning
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trees T of G. Then

τ2(G) ≤
⌈

1 +
√

1 + 8∆

2

⌉
+mG − n+ 3.

In particular, if G contains a hamiltonian path then τ2(G) ≤ mG − n+ 6.

Proof. This follows from Corollary 25, Theorem 9 and the fact that the size
of any spanning tree of G must be n− 1. The second bound is obtained by
taking H to be a spanning path.

We also consider when it is possible to repeatedly delete edges and
decrease the 2-tone chromatic number by one each time. We have the
following result.

Proposition 27. Let G be a graph with order n so that G is triangle-free,
and let m be the largest size of a subgraph H of G with ∆ (H) ≤ 2. Then
τ2 (G) = 2n−m. In particular, if G has a 2-factor, then τ2 (G) = n.

Proof. Since G is triangle-free, no color class can contain three or more
vertices. Each vertex is in exactly two color classes. Use each edge in a
subgraph H of G with size m and ∆ (H) ≤ 2 as a color class of G, and
let any remaining color classes be single vertices. This produces a 2-tone
coloring. Since no fewer colors can be used, τ2 (G) = 2n−m.

For example, τ2
(
Cn
)

= n and τ2
(
PG
)

= τ2 (L (K5)) = 10.
This shows that n is the largest number of edges that can be deleted

from a complete graph of order n to decrease the 2-tone chromatic number
by one each time. This is because a graph with size more than n must have
a vertex of degree more than 2, and deleting the third edge adjacent to a
vertex does not allow elimination of a color.

3 Petersen Covers

Characterizing graphs with 2-tone chromatic number less than 5 is easy.
In particular, τ2 (G) = 2 if and only if G is empty, and τ2 (G) = 4 if and
only if G is nonempty but does not contain P3. No graphs have 2-tone
chromatic number 1 or 3. In this section, we will consider characterizing
2-tone k-colorable graphs, with particular emphasis on k = 5.

De�nition 28. A covering graph of H (or graph cover) is a graph G for
which there is an onto homomorphism f from G to H with the property
that for each vertex v of G the neighborhood of v maps bijectively onto the
neighborhood of f (v). We refer to a covering graph of G as a G-cover, and
a Petersen cover is a covering graph of the Petersen graph.

12



Theorem 29. Let k ≥ 5. An
(
k−2

2

)
-regular graph G has τ2 (G) = k if and

only if G is an Lk-cover.

Proof. Let G be an
(
k−2

2

)
-regular graph G with τ2 (G) = k. Then given

a 2-tone k-coloring of G, map all the vertices with the same label to the
vertex of Lk with that label. Now no edge of G is mapped to a nonedge of
Lk, since then it would violate the labeling. No adjacent edges are mapped
to the same edge, since then there would be two vertices at distance two
with the same label. Thus G is an Lk-cover.

Let G be an Lk-cover. Label all the vertices that map to a given vertex
of Lk under the homomorphism with the same label. This produces a 2-tone
coloring of G.

In particular, a cubic graph G has τ2 (G) = 5 if and only if G is a
Petersen cover.

Corollary 30. Let G be a graph with τ2 (G) = k. Then G is maximal
2-tone k-chromatic ⇐⇒ it is an induced subgraph of an Lk-cover.

Proof. (⇒) Let G be maximal 2-tone k-chromatic. We can apply the same
process as in the proof of the previous theorem to conclude that G must be
a subgraph of an Lk-cover. If it were not induced, another edge could be
added, and it would still be 2-tone k-chromatic.

(⇐) Let G be an induced subgraph of H, an Lk-cover. Then if any edge
e were added and G + e were still 2-tone k-colorable, it would also be a
subgraph of H. But then G would not be an induced subgraph of H.

Hence we now consider the structure of Lk-covers.

Corollary 31. An Lk-cover, k ≥ 5, has order n =
(
k
2

)
r, r a positive

integer.

Proof. Let G be an Lk-cover. Suppose r vertices receive label 12 in a 2-tone
k-coloring. Then at least r vertices receive label 34, since each of the vertices
with label 12 neighbors vertices with all possible labels not containing 1 or
2 and no two vertices with label 12 have a common neighbor. By symmetry,
there are at least as many vertices with label 12 as with label 34. Thus
there are exactly r with label 34. Since Lk is connected, similar arguments
eventually show that each label occurs r times in G. Since Lk has order(
k
2

)
, G has order n =

(
k
2

)
r.

Corollary 32. If G is
(
k−2

2

)
-regular, with order n 6=

(
k
2

)
r, it is not 2-tone

k-colorable.

Thus a Petersen cover has order n = 10r, r a positive integer, so any
cubic graph which does not have such an order is not 2-tone 5-colorable.

We can describe a process to construct all Lk covers.

13



De�nition 33. Let G be a graph containing vertices u, v, w, x, edges uv,
wx, and not containing edges uw, vx. A 2-switch is the operation that
deletes edges uv and wx and adds edges uw and vx.

Theorem 34. G is an Lk-cover, k ≥ 5, if and only if it can be obtained
by starting with r disjoint copies of Lk and performing a sequence of 2-
switches so that each one replaces a pair of edges uv and wx, where u and
w have the same label and v and x have the same label, with uw and vx.

Proof. Consider producing a graph by this process. We certainly start
with an Lk-cover. Each 2-switch preserves the bijective mapping of vertex
neighborhoods since it preserves the 2-tone coloring. Thus G is an Lk-cover.

Let G be an Lk-cover. Consider aligning the vertices that map to the
same vertex of Lk in a column of r levels, with one vertex of each type per
level. Each set of edges that map to the same edge can be thought of as
a permutation of the levels. Since any permutation can be expressed as a
product of transpositions, this arrangement of the edges can be obtained
via a sequence of 2-switches. The same argument works for the other sets
of edges that map to the same edge, so G can be constructed via a sequence
of 2-switches.

Hence G is a Petersen cover if and only if it can be obtained by starting
with r disjoint copies of the Petersen graph and performing some number
of 2-switches on pairs of edges that join vertices with the same labels.

We now consider the connectivity of Petersen covers. Certainly if a
Petersen cover is disconnected, then every component is a Petersen cover.
We say an edge-cut is trivial if its edges are all incident with a single vertex.

Theorem 35. Let G be an Lk-cover, k ≥ 5. Then
1. G does not contain a bridge.
2. If G contains a minimal 2-edge-cut, then performing a 2-switch on

those edges separates G into two components which are two smaller Lk-
covers.

3. If G has a minimal 3-edge-cut, then G is a Petersen cover and the
edge cut is trivial.

Proof. 1. Performing a 2-switch on a pair of edges, of which at least one is
a bridge produces another pair of edges, at least one of which is a bridge.
If G contained a bridge, it could be converted to disjoint copies of Lk by
some sequence of 2-switches. Then Lk would also have a bridge. Since it
does not, neither does G.

2. Let e and f be the edges of the 2-edge-cut, H = G− e− f , and H1

and H2 be the components of H. The result certainly holds if e and f are
mapped to the same edge by the homomorphism. Assume not. Arrange the
vertices of G in layers so that the vertices of H1 are above the vertices of

14



H2. Consider an edge e′ = uv of Lk that is not mapped to by e or f . Then
the edges of H1 that map to e′ join vertices in H1, so the same number of
vertices in H1 that map to u and the number of vertices in H1 that map
to v are equal. Since two edges do not disconnect Lk, this is true for any
pair of vertices of H1, so each label occurs in H1 the same number of times.
If e does not have the same labels on its vertices as f , then the vertices
with these labels cannot match up in H1. This is a contradiction. Thus e
and f have the same labels, and a 2-switch would convert H1 and H2 into
Lk-covers.

3. Note that in Petersen graph, any minimal 3-edge-cut is trivial and
for r ≥ 6, Lk has no 3-edge-cut. Assume we have a minimal 3-edge-cut X
that is nontrivial, and let H1 and H2 be the components of G−X. By the
same arguments as in part 2, there are the same number of vertices with the
same labels in H1, and no edge of the 3-edge-cut can have a distinct pair of
labels on its vertices. If all three edges have the same pair of labels, then
once again matching up the vertices with these labels is impossible.

Of course, the Petersen graph is the unique Petersen cover of order 10.
The dodecahedron is a Petersen cover of order 20, but it is not the only
one. It is not known how many there are.

De�nition 36. The generalized Petersen graph P (n, k) is the graph with
vertices u1, . . . , un, v1, . . . , vn and edges uiui+1, uivi, vivi+k, where addition
is mod n.

Thus the Petersen graph itself is P (5, 2). The dodecahedron is also
the generalized Petersen graph P (10, 2). The generalized Petersen graph
P (10, 3), also called the Desargues graph, is bipartite with girth 6. Indeed,
we can classify all 2-tone 5-colorable generalized Petersen graphs.

Theorem 37. The generalized Petersen graphs P (5i, 2 + 5j) and P (5i, 3 + 5j),
0 ≤ j < i, are the only 2-tone 5-colorable generalized Petersen graphs.

Proof. First note that P (n, k) = P (n, n− k), so we need only consider
P (5i, 2 + 5j). Now P (5i, 2) can be mapped to the Petersen graph by iden-
tifying vertices mod 5, so it is a Petersen cover. Starting with a 2-tone
5-coloring of this graph and replacing the edges vtvt+2 with vtvt+2+5j , we
see this graph is also 2-tone 5-colorable.

By previous results, any 2-tone 5-colorable cubic graph has order a
multiple of 10, so such a generalized Petersen graph has n = 5i. It is clear
that only the Petersen graph works for i = 1, so we assume that i ≥ 2.
Further, P (n, 1) and P (n, 4) are not 2-tone 5-colorable since they contain
cycles of length 4 and 7, respectively, so we assume k ≥ 5. Let G be such
a generalized Petersen graph. Then G has a cycle of length 8 of the form
u1u2v2v2+ku2+ku1+kv1+kv1. Now Corollary 20 shows that the coloring of
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a 8-cycle is unique up to isomorphism, and it is easy to see that any pair
of opposite edges of an 8-cycle of the Petersen graph are nonadjacent edges
of a 5-cycle. Thus we may color this cycle -12-34-25-14-23-51-24-35-. Now
consider the path u2u3v3v3+ku3+ku2+k. To be consistent with the previous
coloring, its coloring must be 34-51-24-13-45-23. Similarly, if G can be
2-tone 5-colored, then the rest of the vertices can be colored uniquely by
coloring such paths of length 5. But this forces a coloring of -12-34-51-23-
45- repeated on the cycle u1u2 . . . un. This implies that k ≡ 2 (mod 5), (or
3, by symmetry), producing our result.

One possible approach to characterizing 2-tone 5-chromatic graphs is to
characterize the 6-critical graphs, since these are all forbidden subgraphs.
We can describe some conditions on 6-critical graphs.

Proposition 38. Aside from K1,4 and the 3-, 4-, and 7-cycles, any 2-tone
6-critical graph G has ∆ (G) = 3, δ (G) = 2, and is 2-connected.

Proof. Let G be such a graph. Since any graph with ∆ (G) ≥ 4 contains
K1,4, ∆ (G) ≤ 3. Since the 2-tone chromatic numbers are known for paths
and cycles, this is an equality. Now any tree T with ∆ (T ) ≤ 3 has τ2 (T ) =
5. By Theorem 12, G is either a star or its own 2-core, hence the latter.
Thus G cannot have a 1-shell. Thus δ (G) ≥ 2. G is clearly connected,
and by Lemma 8, it must be 2-edge-connected. Since ∆ (G) = 3, any cut-
vertex of G would be incident with a bridge, which is impossible, so G is
2-connected.

Assume to the contrary that G is cubic and 6-critical, so G− e is 2-tone
5-colorable. Then G − e is contained in a Petersen cover H. If H is not
G itself, then by Theorem 35, H has a minimal 2-edge-cut incident with
the ends of e. Further, performing a 2-switch on these edges produces two
smaller Petersen covers, one of which is G. This is a contradiction.

An ear of a graph is an induced path whose internal vertices have degree
2. Any 2-connected graph has an ear decomposition. Since any 6-critical
graph has no 3-core, any of them except K1,4 can be formed by starting
with a cycle and adding ears of length at least 2 whose ends overlap vertices
of degree 2. Consider the class of graphs formed by adding one ear to a
cycle.

De�nition 39. The theta graph θi,j,k is formed by taking paths of lengths
i, j, k and identifying them at their end-vertices.

It necessarily contains three cycles of lengths a = i + j, b = i + k,
c = j + k. We will use (i, j, k) for θi,j,k. We have proved the following
theorem for 2-tone coloring of theta graphs. Its proof depends on a tedious
case-checking argument and will not be included.
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Theorem 40. The theta graph θ1,2,2 has τ2 (θ1,2,2) = 7, and (3, 3, 3),
(3, 3, 5), (3, 3, 6), (4, 4, 4), (4, 4, 5), and (3, 3, 9), all are 2-tone 6-critical.
For all other theta graphs, τ2 (θi,j,k) = max {τ2 (Ca) , τ2 (Cb) , τ2 (Cc)}, where
a = i+ j, b = i+ k, c = j + k.

The proof of this theorem also implies that any ear of a 6-critical graph
has length at most 9.

Theorem 41. There are in�nitely many 2-tone 6-critical graphs.

Proof. We know that such graphs exist, and all but K1,4 contain cycles.
Assume to the contrary that the number of 2-tone 6-critical graphs is �nite.
Let g be the maximum girth of all such graphs. It is well-known that there
is a cubic graph with girth larger than g. If its order is not a multiple of ten,
it is not a Petersen cover. If it is, subdivide an edge and join two copies of
it by adding an edge between the two vertices of degree two. The resulting
graph is not a Petersen cover. Either way, there is a cubic graph G of girth
more than g that is not a Petersen cover. Then its 2-tone number is at
least six, so it contains a 6-critical subgraph H, which also has girth more
than g. This is a contradiction.

Our best upper bound for the 2-tone chromatic number of a cubic graph
G was τ2 (G) ≤ 12, which comes from Theorem 21. We o�ered the following
general conjecture about cubic graphs, extending Conjecture 22.

Conjecture 42. Let G be a cubic graph. Then
a. τ2 (G) ≤ 8;
b. τ2 (G) ≤ 7 when G does not contain K4;
c. τ2 (G) ≤ 6 when G does not contain K4 − e.

Recently, Cranston et al [7] proved part a of this conjecture. However,
they also disproved part c, showing that it is false for the Heawood graph.
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